In this short note we summarize the arguments against a significant back-reaction of inhomogeneities on the acceleration of the Universe. We also present a quick way to access the importance of back-reaction using the Fourier space presentation of inhomogeneities and properties of their power spectrum.
We first consider the suggestion of dark energy as the effect of second and higher order terms in a perturbative treatment of an inhomogeneous universe [1, 2, 3, 4] . The essential point of reasoning in these works is the first (or second) order expansion of the metric g µν , Einstein tensor G µν , and energy-momentum tensor T µν in synchronous gauge:
i + χ 
where ψ, χ, χ i , and χ ij are respectively scalars, vector, and tensor fields characterizing an inhomogeneous FLRW universe up to the first order. Then up on averaging:
Note that T µν in (4) is the exact energy-momentum tensor. Therefore the term G (1) µν actually includes all the inhomogeneities not just the linear order. The claim is that this term can play the role of dark energy and imitate an accelerating Universe. The error in such a claim is very obvious. Any perturbative expansion contains an expansion scale 0 ǫ 1, which if it approaches zero, the expanded quantity approaches the zero order. The expansion makes sense only if the higher order terms are at most ∼ O(ǫ) 1 . Thus, assuming that at cosmological scales of interest inhomogeneities are small, the dominant correction are O(ǫ) → 0, much smaller than the zero-order quantities. This means that the claimed contribution of inhomogeneities can not produce a dark energy density ∼ 2.5 times larger than the underlaying matter, otherwise a perturbative treatment of density perturbations does not make sens. Moreover, by definition:
meaning that: G
µν is defined or observationally determined such that T
µν = 0, then as the terms with the same order in the two sides of (3) should cancel each other, the effect of averaged first and higher order Einstein tensor is canceled by the effect of averaged matter inhomogeneities. Considering very detailed calculations in [1, 5] , the argument presented here seems simplistic. Nonetheless, it is based on the rules and concepts which must be respected by any perturbative expansion irrespective of the underlaying physics. A number of works [7] have discussed the inhomogeneities effect by detailed perturbative calculation up to the second order and in particular they show that the claimed effect of super-horizon perturbations [2, 3, 4] is small. See below for another demonstration of this effect.
There is one issue that has not been considered in any of these works. In a perturbative expansion although each order can be much smaller than lower orders, the sum of all the terms can diverge. This a well known fact for instance in the perturbative expansion of quantum electrodynamics (QED) effective Lagrangian [8] . Can a divergence arise in the perturbative expansion of the cosmological inhomogeneities ? The answer is no. The reason is the observational evidence for a scale-less power spectrum of anisotropies. Consequently, anisotropies with significant variations -large k in Fourier space -are not dominant. The back-reaction due to mixing of IR and UV scales is either a pure gauge [6] or can be removed be renormalization [7] . The scale-less spectrum also means that they cover a very small space in the volume of the Universe. Therefore their effect on the global expansion is effectively negligible, in another word the perturbative expansion in (3) does not diverge. See below for a quantitative demonstration of this claim. In an observational language, at cosmological distances light propagates roughly on a straight line and its average deflection is very small.
The issue of averaging is presented by Buchert [9] in more mathematically rigorous way. Nonetheless, the claim of implication of averaging in dark energy paradigm can not be true. Essentially, the idea is that cosmological measurements are always performed in a finite volume of a space-like foliation of the spacetime and we can extend this volume at most to the observer's horizon. Moreover, due to the expansion of the Universe the volume enclosing a given set of particles evolves. Consider the following foliation, called Lagrangian coordinates in a synchronous gauge:
For any scalar quantity ψ(X, t) averaging in a constant-time volume V D is defined as:
Here only a dust matter is considered but the formulation can be extended to other type of fluids [9] . The averaged expansion factor a D is defined as:
Few other definitions and relations:
where K ij is the extrinsic curvature. In the same way the volume averaged analogue of Ω m and Ω Λ in homogeneous FLRW cosmology can be defined using average quantities.
It can be shown that averaging adds a term Q D called back-reaction to the Einstein and mass conservation equations written for the finite volume averaged quantities:
Form (13) we can see that if Q D < 0, it can play the role of a new matter. In particular, if it does not change quickly with time/redshift, it can play the role of a dark energy. However, there are various arguments against such a possibility:
• The first and most evident issue is that the Lagrangian averaging -following the same set of particles and their evolution -considered here does not correspond to the way we observe cosmological objects. Large scale observations are based on an Eulerian concept, i.e. sampling different part of the cosmic fluid at different time. Assuming that our observations at a given redshift is complete, only the matter outside the observer's horizon can have an unaccounted for effect on the global expansion of the visible Universe. This issue is related to the claim of super-horizon anisotropies effect on the acceleration of the Universe[2, 3, 4]. As mentioned above a number of works [7] have shown that this effect is negligible (See also below for another demonstration). Moreover, Q D is strongly gauge dependent and there are examples showing that it can be negative without having a real accelerating universe [10] .
• Forgetting the problem with observations, we try to estimate Q D in a universe with small inhomogeneities like our Universe. The extrinsic curvature is defined as:
Using (16) and (10) it is easy to see that in a perturbative expansion of the metric g ij and matter density ρ, scalar fields θ 2 and σ 2 are of second order and therefore if V D is enough large such that the linear regime approximation can be applied inside this volume, Q D is negligible. Even if the second order term is more important, the total effect of all the terms must be at most of first order and negligible with respect to the dominant homogeneous effect.
• Another way of seeing that the effect of finite averaging volume is negligible if inhomogeneities are perturbative, is through (12) . It is evident that the difference between two terms in the right hand side of (12) is of second order and therefore negligible in linear regime. Note that averaging is in real space and the confusion from mixing of large and small scale does not arise. Moreover, the second order of the right hand side corresponds to the second order of l.h.s. because the linear orders in each side cancel out exactly. In addition, in cosmological context most of the physically interesting scalar fields such as the matter density ρ are random fields. In this case if the volume V D is enough large, the ergodicity of the random field makes the left side of (12) to vanish. This argument is valid without assuming a perturbative approximation.
• Because Q D depends on the shear σ and on the curvature θ ∝ −K where K is the trace of the extrinsic curvature, a large amount of curvature, comparable to the horizon size, is needed to explain observations [11, 12] . The observed curvature of the Universe at all scales -from local Universe up to CMB time -is very small. On the other hand models suggested in [11, 12] have all a curvature which at most is constant i.e. decays with time as a D . We copy here the summary conclusion of Ref. [12] (page 24) on this subject:
Dark energy cannot be routed back to inhomogeneities on large scales in Newtonian and quasi-Newtonian models, but a careful re-interpretation of cosmological parameters will have nevertheless to be envisaged. The solution which has been then suggested to make the back-reaction effect sufficiently important and at the same time consistent with observations, is a static out-of-equilibrium universe with large curvature [11, 12] . It is not necessary to mention that present data as well as our knowledge from the microphysics of the Universe does not support such a solution for the origin of dark energy.
Another way of seeing the effect of both super-horizon and sub-horizon perturbations is by using the finite volume averaging eq. (8) . It is easy to see that the volume average of a scalar field ψ is:
where ψ ′ (x) = Jψ and x i D is a characteristic size scale of the volume V D in x i direction -for a cube parallel to the axes, it is the length of the edge parallel to axis i. When inhomogeneities spectrum is scale-less, from properties of sinc function we can conclude that the contribution of k ≫ 1/x D i.e. inhomogeneities at scales much smaller than X D are negligible. The contribution of 0 < k < 1/X D modes is proportional to 1/k. Therefore, in the case of a scale-less spectrum where statistically averaged value of ψ ′ (k) is mode independent, the integral over these modes after renormalization of IR divergence is a sub-dominant logarithmic term ∝ log x −1 D which in an inflationary universe is very small. This confirms the results of ref [7] and shows that the right hand side of (12) is very close to zero. Therefore, the assumption of commutation between time and space averaging is a good approximation in a close to scale-less universe. The difference between finite and infinite volume decreases with the expansion of the Universe in contrast to the dark energy which become dominant at late times. Note that the argument given here is only based on the statistical properties of inhomogeneities and a perturbative behaviours has not been assumed. In summary inhomogeneities, sub-horizon or super-horizon, can not explain the observed dark energy component of the Universe.
